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B. PERTHAME En general (1) n'a pas de solution, nous montrons ici que (1) The problem (1) was introduced in A. Bensoussan and J. L. Lions [1 ] (more recent results may be found in [3 ] ). A typical result is the following if we assume ~p -0, f >_-0 and co increasing, then (1) has a unique solution which is in Here we will relax these assumptions and answer the following questions. If we take general ~p and f, (1) has in general no solution because of a difficulty involving the boundary condition : there is no reason a priori that Mu should be above ~p on aQ. And if in general there is no solution of (1), the question is to determine in which sense (1) might be solved and whether the corresponding solution is the optimal cost function for the associated impulse control problem which is meaningful without any condition.
If the solution of (1) is not continuous, then formula (2) has no clear meaning and one generally defines the implicit obstacle by:
But it is not clear (and to our knowledge it has never been checked before !) that Mu = M + u (at least for u E C(Q)). We also answer here that question.
The last question that we study is to find general local regularity results, 239 SOME REMARKS ON Q. V. I. say in C°~°', which do not involve the boundary data Such a regularity has already been proved by J. Frehse and U. Mosco [9 ] . Here we state an analogous result but our proof is completely different from the one in [9 ] .
In a first part we show that (1) 2) The argument used above is very similar to the one introduced in L. Caffarelli and A. Friedman [5] [6 ] .
As mentionned in the proof of Lemma 2) Of course these results extend to Hamilton-Jacobi-Bellman equations (see P. L. Lions [12 ] , L. C. Evans and P. L. Lions [8 ] ). The associated Q. V. I. is :
(For results on this problem see S. Lehnart [11 ] , B. Perthame [16 ] [4] or P. L. Lions [.l3 ] : u is solution of the Q. V. I. (1) with cp = qJ .A Mu so that it is the optimal cost function for a cost function defined by (15) with in place of qJ. These cost functions are less than j(x, A) since (p qJ so that u _ v.
ii ) u >__ v : Here we give an optimal admissible system as in [3 ] Since n ~ 0 we obtain 1 + ... + n ~ Ln and the formula:
on {~ oo } shows that ~ m + oo.
In (17) [3 ] shows that (18) [4 ] , or J. Frehse and U. Mosco [9] ] to prove the continuity of Q. V. I. with quadratic growth. The method used here is completly different of the one in [4 ] [9 ] . It consists in interpreting u as the solution of an obstacle problem where the obstacle T has some special property. Using a regularity result for linear second order elliptic equations on open sets satisfying an exterior cone condition we prove that the solution is Holder continuous.
The precise result is the following: THEOREM 3. -Under assumptions (5)- (7) there exist some ao, 0 ao 1, such that if (19) holds with 0 a ao then the solution of (18) The proof of this Theorem is divided in two parts : first we prove that the solution u of (18) with 03A8~ ~ rpE on aSZ, 03A8~ ~ 03A8 in C(SZ) and 03C6~ ~ qJ in then uE ~ u in C(H) and weakly in Proof -The equivalence between (i) and (ii) is a simple consequence of the notion of viscosity solution as defined in P. L. Lions [13 ] .
The equivalence between (i ) and (iv) is easily deduced from the stability (under convergence in C(Q) of the notion of viscosity solution and the existence results for (23) which are proved in [2 ] and [16 ] . Remark (here C denotes different constants independant of E). This concludes the equivalence between (i ) and (iv).
Using the estimates proved above the equivalence (iii) ~> (iv) is clear since the solution of the variational inequality (22) is stable under uniform convergence of the obstacle (see [2 ] ).
Remark. - The regularity stated in (ii) for u on the set C~ _ ~ u ~ ~ is not optimal. It depends of course on the regularity of f : if f E L2, u E Hoc; if f E L~ u E bp oo ... etc...
